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Abstract

A pattern is a word that consists of variables and terminal symbols. The pattern
language that is generated by a pattern α is the set of all terminal words that can
be obtained from α by uniform replacement of variables with terminal words. For
example, the pattern α = axyax (where x and y are variables, and the letter a is a
terminal symbol) generates the set of all words that have some word aw both as
prefix and suffix (where these two occurrences of aw do not overlap).

Due to their simple definition, pattern languages have various connections
to a wide range of other areas in theoretical computer science and mathemat-
ics. Among these areas are combinatorics on words, logic, and the theory of
free semigroups. On the other hand, despite their simple definition, many of the
canonical questions in formal language theory are surprisingly difficult for pattern
languages.

The present thesis discusses various aspects of the inclusion problem of pattern
languages. It can be divide in two parts. The first part (Chapters 3 and 4) directly
examines the decidability of the inclusion problem for pattern languages and for
a related model.

In Chapter 3, we prove that inclusion for pattern languages remains undecid-
able even if the number of variables and the number of letters in the terminal
alphabets are bounded. Although the proof of undecidability uses a compara-
tively large number of variables, far fewer variables already allow the simulation
of Collatz iterations.

Chapter 4 adapts the proofs of the previous chapter to a superclass of pattern
languages, the languages that are generated by regular expressions with variables
(or backreferences) (which are based on an extension of regular expression that
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can be found in almost every modern implementation of regular expressions).
Compared to pattern languages, this language class has greater expressive power,
which allows us to extend the proofs of Chapter 3 to undecidability of regularity
and inclusion. As a consequence, regular expressions with variables cannot be
minimized, and there are non-recursive tradeoffs between regular expressions with
and without variables. This holds even if only a single variable is used.

The second part (Chapters 5 to 7) deals with descriptive patterns, the smallest
generalizations of arbitrary languages possible within a class of pattern languages
("smallest" with respect to the inclusion relation).

In Chapter 5, we prove that there are languages of which no E-pattern is de-
scriptive. Chapter 6 introduces the concept of descriptive generalization, a learn-
ing theoretic model where arbitrary languages are approximated through descrip-
tive patterns. Finally, Chapter 7 examines and disproves a conjecture on a charac-
terization of languages that have no descriptive terminal-free E-pattern.

The thesis is available online at
http://publikationen.ub.uni-frankfurt.de/volltexte/2011/10991
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