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Abstract
This thesis is devoted to the study of systems of equations

ϕi(X1, . . . , Xn) = ψi(X1, . . . , Xn) for i = 1, . . .m,

in which the variables X1, . . . , Xn represent sets of natural numbers. The allowed
operations are union, intersection and addition, which is defined as

X + Y = {x + y | x ∈ X, y ∈ Y}.

Such systems can be equally interpreted as systems of language equations over
a single-letter alphabet and operations of union, intersection and concatenation.

The study begins with considering the subclass of systems of equations over
sets of numbers, consisting of systems of the resolved form, i.e.,

Xi = ϕi(X1, . . . , Xn) for i = 1, . . . , n.

The counterparts of such systems among the language equations are the resolved
systems of language equations over a single-letter alphabet. These can be also
viewed as appropriate grammars: when the allowed operations are union and con-
catenation, they correspond to context free grammars; when also intersection is
allowed, to the conjunctive grammars.

It is shown that the resolved systems of equations over sets of natural num-
bers can have non-ultimately periodic sets as the least solutions. Equivalently,
conjunctive grammars over a single-letter alphabet can generate non-regular lan-
guages, as opposed to context-free grammars. This claim is firstly demonstrated
by giving a simple system, which has the least solution with {4n : n ∈ N} as
its first component. This system exploits the properties of the base-4 positional
notation of sets, in particular, the aforementioned set should be viewed as the set
of numbers with base-4 notation 10`, for some ` ≥ 0.
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Then, this example is generalised. For every set S of numbers, such that base-k
positional notations of numbers from S are recognised by a certain type of a real-
time cellular automaton, an explicit construction of a resolved system with S as
the first component of the least solution is given.

It is then shown that the systems with no restrictions on the form of the
equations imposed are computationally universal: the class of unique solutions
of such systems coincides with the class of recursive sets. Similar characterisa-
tions are shown for the class of least (greatest) solutions: this class coincides with
the class of recursively enumerable sets (co-recursively enumerable sets, respec-
tively). This generalises the known result for systems of language equations over
a multiple-letter alphabet. These results hold even when only union and addition
(or only intersection and addition) are allowed in the system.

Systems with addition as the only allowed operation are also considered; they
correspond to systems of language equations over a single-letter alphabet with
concatenation as the only operation. It is shown that the obtained class of sets is
computationally universal, in the sense that their unique (least, greatest) solutions
can represent encodings of all recursive (recursively enumerable, co-recursively
enumerable, respectively) sets.

The computational complexity of decision problems for both formalisms is
investigated. It is shown that the membership problem for the resolved systems of
equations is EXPTIME-complete. Many other decision problems for both types
of systems are proved to be undecidable, and their exact undecidability level is
settled. Most of these results hold even when the systems are restricted to the use
of one equation with one variable.
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