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Introduction
Dynamics are simple stochastic processes on graphs in which nodes update their
own state according to a symmetric function of the state of their neighbors and
of their current state, with no dependency on time or on the topology of the
graph [15, 23]. In previous decades the computational power of this kind of systems
has been investigated in the context of automata networks from mathematicians and
physicists. Recently it has been subject to a renewed interest from the theoretical
computer science community, as new algorithmic techniques made the analysis of
dynamics as distributed algorithms possible [13, 2, 9, 10, 4, 3].

In this work, we consider the 2-Choices dynamics, where in each discrete-time
step each node samples two random neighbors with replacement and, if they have
the same state, the node adopts that state. In [9, 10], the authors show that this
process rapidly converges to consensus, i.e., all nodes having the same state, if
the proportion of nodes supporting a given state exceeds a given function of the
second eigenvalue of the graph. Their proofs leverage an interesting property
of the 2-Choices dynamics, namely the fact that the expected number of nodes
supporting a given state can be expressed as a quadratic form of the transition
matrix of a simple random walk on the graph, for an inner product given by the
stationary distribution of such random walk. In turn, the previous relation between
the dynamics and the transition matrix allows to relate the behavior of the process
to the eigenspaces of the graph. Motivated by biological questions that we discuss
in the following sections, we exploit the aforementioned relation to show a more
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fine-grained understanding of the consensus behavior of the 2-Choices, which
should also extend to similar dynamics. Our new analysis combines symmetry-
breaking techniques [4, 8] and concentration of probability arguments with the
linear algebraic approach of [9, 10] to obtain the first symmetry-breaking analysis
for dynamics on non-complete topologies.

Main Theorem. Consider a clustered regular graph1 [5] in which the nodes
are divided in two sets V1 and V2 of equal size, such that each node in Vi has a
neighbors in Vi and b neighbors in V j, for each i, j = 1, 2 s.t. i , j. Assume that
• the ratio d/b is Ω(n

1
2 );

• the second eigenvalues of the subgraphs induced by V1 and V2 are O(n−
1
4 );

• the initial state of each node is red or blue, according to the toss of a fair
coin (namely an independent Bernoulli(1

2 ) random variable).
Then, with constant probability, after O(log n) rounds all nodes in V1 and V2 but
O(log n) nodes have the same color and the the predominant colors in V1 and
V2 are different. Moreover, with high probability,2 the process remains in such
almost-clustered configuration for nc rounds, for any positive constant c.

In the next sections, we discuss two biological implications of our result.

An Evolutionary Graph-Theoretic Explanation for Speciation
Evolutionary dynamics is the branch of genetics which studies how populations
evolve genetically as a result of the interactions among the individuals [14]. In
its seminal paper on evolutionary graph theory [21], Lieberman et al. initiated the
study of evolutionary dynamics on graphs by investigating the fixation probability
of the Moran process on different families of graphs, namely the probability that
a new mutation with increased fitness eventually spreads across all individuals in
the population. Since then, the Moran process has attracted the attention of the
computer science community due to the algorithmic questions associated to its
fixation probability [19, 16]. However, no simple dynamics has been proposed
so far in the context of evolutionary graph theory to explain one of evolution’s
fundamental phenomena, namely speciation [11].

“What is needed now is a shift in focus to identifying more general rules and
patterns in the dynamics of speciation. Theoretical studies of speciation have been
dominated by numerical simulations. [...] The crucial step in achieving this goal is
the development of simple and general dynamical models that can be studied not
only numerically but analytically as well. [...] A number of important conclusions
have emerged from analytical studies. [...] If transition does happen, it is very quick.
Speciation can occur by mutation and random drift alone with no contribution from

1In the full version [12], we discuss how the proof might generalize to a wider class of graphs.
2An event E happens with high probability if Pr(E) = 1 − O(n−c), for some constant c > 0.



selection as different populations accumulate incompatible genes. [...] Speciation
can be understood as the divergence along nearly neutral networks and holey adaptive
landscapes [...] accompanied by the accumulation of reproductive isolation as a
by-product.” - S. Gavrilets [18]

Two fundamental classes of driving forces for speciation can be distinguished:
allopatric speciation and sympatric/parapatric speciations. The former, which
refers to the divergence of species resulting from geographical isolation, is well
understood [24]; the latter, namely divergence of species without complete geo-
graphical isolation, is still controversial [24, 7, 6].

In several evolutionary settings, the spread of a mutation appears nonlinear
w.r.t. the number of interacting individuals carrying the mutation, exhibiting a drift
towards the most frequent phenotypes [18, 11]. We look at the 2-Choices dynamics
on clustered graphs as a quadratic evolutionary dynamics on sympatric and parap-
atric scenarios. The random initialization of the 2-Choices can be regarded as two
inter-mixed populations of individuals with different genetic pools. The interac-
tions for reproduction purposes between the two populations can be categorized in
frequent interactions among individuals within a equal-size bipartition of the popu-
lations (the clusters) and less frequent interactions between the two populations
(which, in later stages of the differentiation process, may be interpreted as genetic
admixture, i.e., interbreeding between two genetically-diverging populations [22]).

Within such framework, our theorem provides an analytical evolutionary graph-
theoretic proof of concept on how speciation can emerge from the simple nonlinear
underlying dynamics of the evolutionary process on the population level.

On the Process of Innervation in Muscular Junctions
During mammalian development, neuromuscular junctions and some other post-
synaptic cells transition from having multiple neurons innervating onto them into
being subject to innervation from a single neuron only [17, 25, 26]. This process
takes place as synaptic sites are exchanged between different axons: Locations on
the surface of the cell on which neurons innervate transition from being freed by
the current innervating neuron to be occupied again by a new one [26].

In [26], it is shown that soon-to-be-eliminated axons rapidly reverse fate and
grow to occupy vacant sites at a neuromuscular junction after they are artificially
damaged in laboratory. Such evidence is argued to support the hypothesis that the
process is driven by a form of competition at the level of neural terminations:

“This reversal supports the idea that axons take over sites that were previously
vacated. Indeed, during normal development we observed withdrawal followed by
takeover. The stimulus for axon growth is not postsynaptic cell inactivity because
axons grow into unoccupied sites even when target cells are functionally innervated.
These results demonstrate competition at the synaptic level and enable us to provide



a conceptual framework for understanding this form of synaptic plasticity.” - Turney
et al. [26]

The author then provides a simplistic model for the aforementioned process based
on evolutionary graph theory (discussed in the previous section). Such model is
equivalent to the Voter dynamics3 when the underlying graph is regular.

We argue that our theorem provides evidence for the fact that, in order for a
model based on dynamics4 to comply with experimental evidence on the outcome of
the innervation process, either the innervation sites do not exhibit spatial bottlenecks
or the dynamics cannot be based on majority-like mechanisms. Our analysis shows
that, when the 2-Choices dynamics takes place on a clustered graph and starts
from a random configuration, there is a constant probability that the system will
converge to a configuration in which the two clusters maintain an almost consensus
on two different values. This is in contrast with the aforementioned phenomenon of
synapse elimination when developing neuromuscular junctions [25, 26], where the
outcome is a consensus configuration in which the whole neuromuscular junction is
innervated by a single axon only. Hence, our result suggests that, if the competition
among axons for innervating a postsynaptic cell follows a local behavior akin to
the 2-Choices dynamics, the topology of the sites as formalized in [26] should not
exhibit a clustered structure, i.e., a partition into two clusters with good expansion
properties that are separated by a sparse cut (as in the clustered graphs used in
our theorem). On the other hand, if experimental evidence would confirm that
the graph associated to the innervation site can indeed exhibit a structure similar
to the graphs of our theorem, then the dynamics implemented by axons should
qualitatively differ from a super-linear majority dynamics such as the 2-Choices.

We complement our previous argument with simulations on stochastic block
models with two clusters [20] on a class of dynamics which generalizes the 2-
Choices dynamics. We call such class y-degree majority dynamics, in which each
node u updates its current state with state σ with probability

(
|N(u)∩Sσ |

du

)y
, for a real

value y ≥ 1 and where S σ is the set of nodes with state σ, N(u) is the set of
neighbors of u, and du is the degree of u. Observe that the node does not update
its current state to σ with probability 1 −

(
|N(u)∩Sσ |

du

)y
. As a special case with only

two states, for y = 2 we get the 2-Choices and for y = 1 we get the Voter. Our
numerical experiments on the stochastic block models show that the probability
that the dynamics converges to (and maintains) a configuration in which the two
clusters support different colors deteriorates towards 0 as y decreases from 2 to 1.

3In each discrete-time step each node updates its state to that of a random neighbor.
4We remark that we did not find any decisive evidence in the experimental literature that the

process could not be better explained through other factors such as communication among axons
via molecular clues (similarly to other developmental neural process such as [1]).



References
[1] Yehuda Afek, Noga Alon, Omer Barad, Eran Hornstein, Naama Barkai, and Ziv

Bar-Joseph. A biological solution to a fundamental distributed computing problem.
Science (New York, N.Y.), 331(6014):183–185, January 2011.

[2] Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, and Ric-
cardo Silvestri. Plurality Consensus in the Gossip Model. In Proceedings of the 26th
Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), SODA ’15, San
Diego, California, 2015. SIAM.

[3] Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, Riccardo
Silvestri, and Luca Trevisan. Simple dynamics for plurality consensus. Distributed
Computing, 30(4), August 2017.

[4] Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, and Luca
Trevisan. Stabilizing Consensus with Many Opinions. In Proceedings of the 27th
Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), SODA ’16, pages
620–635, Arlington, Virginia, 2016. SIAM.

[5] Luca Becchetti, Andrea Clementi, Emanuele Natale, Francesco Pasquale, and Luca
Trevisan. Find Your Place: Simple Distributed Algorithms for Community Detection.
In Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium on Discrete
Algorithms (SODA), SODA ’17, pages 940–959. SIAM, January 2017.

[6] Daniel I. Bolnick and Benjamin M. Fitzpatrick. Sympatric Speciation: Models
and Empirical Evidence. Annual Review of Ecology, Evolution, and Systematics,
38:459–487, 2007.

[7] Daniel I. Bolnick, Patrik Nosil, and M. Servedio. Natural selection in populations
subject to a migration load. Evolution, 61(9):2229–2243, September 2007.

[8] Andrea E. F. Clementi, Gualà Luciano Ghaffari, Mohsen, Emanuele Natale, Francesco
Pasquale, and Giacomo Scornavacca. A Tight Analysis of the Parallel Undecided-
State Dynamics with Two Colors. arXiv:1707.05135 [cs], July 2017.

[9] Colin Cooper, Robert Elsässer, Tomasz Radzik, Nicolás Rivera, and Takeharu Shiraga.
Fast Consensus for Voting on General Expander Graphs. In Yoram Moses, editor,
Distributed Computing - 29th International Symposium, DISC 2015, Tokyo, Japan,
October 7-9, 2015, Proceedings, number 9363 in Lecture Notes in Computer Science,
pages 248–262. Springer Berlin Heidelberg, October 2015.

[10] Colin Cooper, Tomasz Radzik, Nicolás Rivera, and Takeharu Shiraga. Fast plu-
rality consensus in regular expanders. arXiv:1605.08403 [cs], May 2016. arXiv:
1605.08403.

[11] Jerry A. Coyne and H. Allen Orr. Speciation. Sinauer Associates is an imprint of
Oxford University Press, Sunderland, Mass, 1 edition edition, May 2004.

[12] Emilio Cruciani, Emanuele Natale, and Giacomo Scornavacca. On the metastability
of quadratic majority dynamics on clustered graphs and its biological implications.
arXiv:1805.01406 [cs.SI], 2018. arXiv:1805.01406.



[13] Benjamin Doerr, Leslie Ann Goldberg, Lorenz Minder, Thomas Sauerwald, and
Christian Scheideler. Stabilizing consensus with the power of two choices. In Pro-
ceedings of the Twenty-third Annual ACM Symposium on Parallelism in Algorithms
and Architectures, SPAA ’11, pages 149–158, New York, NY, USA, 2011. ACM.

[14] Richard Durrett. By Richard Durrett - Probability Models for DNA Sequence Evolu-
tion: 2nd (second) Edition. Springer-Verlag New York, LLC, November 2011.

[15] Emanuele Natale. On the Computational Power of Simple Dynamics. PhD Thesis,
Sapienza University of Rome, 2017.

[16] Andreas Galanis, Andreas Göbel, Leslie Ann Goldberg, John Lapinskas, and David
Richerby. Amplifiers for the Moran Process. J. ACM, 64(1):5:1–5:90, March 2017.

[17] Wen-Biao Gan and Jeff W. Lichtman. Synaptic Segregation at the Developing
Neuromuscular Junction. Science, 282(5393):1508–1511, November 1998.

[18] Sergey Gavrilets. Perspective: models of speciation: what have we learned in 40
years? Evolution; International Journal of Organic Evolution, 57(10):2197–2215,
October 2003.

[19] George Giakkoupis. Amplifiers and Suppressors of Selection for the Moran Process
on Undirected Graphs. arXiv:1611.01585 [cs, math, q-bio], November 2016. arXiv:
1611.01585.

[20] Paul W. Holland, Kathryn Blackmond Laskey, and Samuel Leinhardt. Stochastic
blockmodels: First steps. Social Networks, 5(2), June 1983.

[21] Erez Lieberman, Christoph Hauert, and Martin A. Nowak. Evolutionary dynamics
on graphs. Nature, 433(7023):312–316, January 2005.

[22] Simon H. Martin, Kanchon K. Dasmahapatra, Nicola J. Nadeau, Camilo Salazar,
James R. Walters, Fraser Simpson, Mark Blaxter, Andrea Manica, James Mallet, and
Chris D. Jiggins. Genome-wide evidence for speciation with gene flow in Heliconius
butterflies. Genome Research, 23(11):1817–1828, November 2013.

[23] Elchanan Mossel and Omer Tamuz. Opinion exchange dynamics. Probability Surveys,
14:155–204, 2017.

[24] Vincent Savolainen, Marie-Charlotte Anstett, Christian Lexer, Ian Hutton, James J.
Clarkson, Maria V. Norup, Martyn P. Powell, David Springate, Nicolas Salamin,
and William J. Baker. Sympatric speciation in palms on an oceanic island. Nature,
441(7090):210–213, May 2006.

[25] Juan C. Tapia, John D. Wylie, Narayanan Kasthuri, Kenneth J. Hayworth, Richard
Schalek, Daniel R. Berger, Cristina Guatimosim, H. Sebastian Seung, and Jeff W.
Lichtman. Pervasive Synaptic Branch Removal in the Mammalian Neuromuscular
System at Birth. Neuron, 74(5):816–829, June 2012.

[26] Stephen G. Turney and Jeff W. Lichtman. Reversing the Outcome of Synapse
Elimination at Developing Neuromuscular Junctions In Vivo: Evidence for Synaptic
Competition and Its Mechanism. PLOS Biol, 10(6):e1001352, June 2012.


