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Abstract

The famous Hadwiger’s Conjecture aims to understand reasons for a
graph to have a large chromatic number. This is a survey of graph classes
for which Hadwiger’s conjecture is known to hold.
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1 Introduction

In this paper, all graphs are finite and simple. A graph G is t-colorable if
there is a function ¢ : V(G) — {l1,...,t}, such that for every edge uv of G,
c(u) # c(v). The chromatic number of G, denoted y(G), is the minimum number
t for which G is fr-colorable. Graph G is called t-chromatic if t = y(G). A
minor of a graph G is obtained from a subgraph of G by contracting edges. As
usual, the complete graph on ¢ vertices is denoted by K;. One of the most famous
open problems in graph theory is Hadwiger’s Conjecture (HC), made in 1943 [27]:

Hadwiger’s Conjecture: For every t > 0, every graph with no K., minor
is t-colorable. (Equivalently: any t-chromatic graph has a K, minor.)

For a fixed nonnegative integer #, let HC(¢) be the statement: every graph with
no K, minor is t-colorable. Observe that if a graph has no K, minor, then it
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is edgeless, and hence 1-colorable; and if a graph has no K3 minor, then it has
no cycles, and hence is 2-colorable. Hadwiger [27] proved HC(3), and in 1952
Dirac [23] in fact showed that every graph of minimum degree at least 3 has a
K, subdivision (i.e. every graph that has no K, subdivision is 3-colorable). In
1937, Wagner [52] showed that HC(4) is equivalent to the Four Color Theorem,
which was proved in 1977 by Appel and Haken [2, 3]). In 1993, Robertson,
Seymour and Thomas [45] proved HC(5), using the Four Color Theorem (they
proved that a contraction-critical 6-chromatic graph G # Kg has a vertex x such
that G \ x is planar, and since planar graphs are 4-colorable by the Four Color
Theorem, it follows that G is 5-colorable). For t > 6, HC(¢) remains open. Toft
[49], Seymour [47] and Kawarabayashi [31] have written excellent surveys on
Hadwiger’s Conjecture. In this paper we survey hereditary graph classes for which
HC holds, focusing on their structural properties that lead to the proof of HC.

1.1 Terminology and notation

We say that a graph G contains a graph F if F is isomorphic to an induced sub-
graph of G. A graph G is F-free if it does not contain F, and for a family of graphs
¥, G is F-free if G is F-free for every F € F. A class of graphs is hereditary
if it is closed under isomorphism and taking induced subgraphs. It is not hard to
see that a class G is hereditary if and only if there exists a family 9 such that G is
precisely the class of H-free graphs.

A hole is a chordless cycle with at least four vertices. A hole is even (respec-
tively, odd) if it has an even (respectively, odd) number of vertices. An n-hole is a
hole on n vertices. An antihole is a complement of a hole.

The graph C, is the hole on n vertices. The graph P, is the path on n vertices
(that is, the path of length n — 1). K, is the complete graph on n vertices, and K, ,
is the complete bipartite graph with m vertices in one part of the bipartition and »
vertices in the other. K3 is also referred to as a triangle.

Some small graphs are defined in Figures 1-3. The generalized star S;,
obtained from vertex-disjoint paths of length iy, . .., i, by taking one end-vertex of
each path and identifying these into a single vertex. The claw is K, 3 or equiva-
lently S'1,1.1. The chair or fork is S, the Eis S22, the cross is S 1, and the
trident is S 1,122

We subdivide an edge uv in a graph G by deleting it and replacing it by a path
u,w,v where w is a new vertex. A subdivision of G is obtained by subdividing
edges repeatedly. An induced subdivision of K4, denoted IS Ky, is an induced
subgraph which is isomorphic to a subdivision of Kj.

The following graphs are pictured in Figure 4. A theta is any subdivision of
K, 3; in particular, K5 is a theta. A pyramid is any subdivision of K, in which
one triangle remains unsubdivided, and of the remaining three edges, at least two



edges are subdivided at least once. A prism is any subdivision of C4 (where Cq
is the complement of Cg) in which the two triangles remain unsubdivided; in par-
ticular, Cg is a prism. A wheel is a graph that consists of a hole (called the rim)
and an additional vertex (called the center) that has at least three neighbors in the
rim. A universal wheel is a wheel whose center is adjacent to all the vertices of
the rim, and is denoted by W, if the rim is of length n. A twin wheel is a wheel
whose center is adjacent to three consecutive vertices of the rim, and to no other
vertices of the rim.

For a vertex v in a graph G, Ng(v) (or simply N(v) when clear from context)
denotes the set of neighbors of vin G. N[v] = N(v) U {v}.

A clique in a graph G is a (possibly empty) set of pairwise adjacent vertices of
G and a stable set in G is a (possibly empty) set of pairwise nonadjacent vertices
of G. The clique number of G, denoted w(G), is the maximum size of a clique in
G and the stability number of G, denoted by a(G), is the maximum size of a stable
setin G.

Two sets X and Y of vertices are said to be complete to each other if every
vertex in X is adjacent to every vertex in Y; X and Y are anticomplete if no vertex
of X is adjacent to any vertex of Y.

The complement of a graph G is denoted by G. As usual, a component of G is
a maximal connected induced subgraph of G. A graph is anticonnected if its com-
plement is connected. An anticomponent of a graph G is a maximal anticonnected
induced subgraph of G. (Thus, H is an anticomponent of G if and only if H is a
component of G.) Note that anticomponents of a graph G are pairwise complete
to each other in G.

Let G be a graph, S € V(G) and F C E(G). We use G \ S to denote G with
the vertices of S deleted and G \ F' to denote G with the edges of F deleted. The
subgraph of G induced by S is denoted by G[S] (so G\ S = G[V(G) \ S]). We
say that S is a vertex cutset of G if G \ § is disconnected. A clique cutset of G is
a vertex cutset that is a clique of G. Note that an empty set is a clique, and hence
every disconnected graph has a clique cutset. A star cutset of G is a vertex cutset
S that contains a vertex x that is complete to S \ {x}.

A I-join of a graph G is a partition (Xj, X;) of its vertex set such that, for
i =1,2,1X;] > 2, X; contains a nonempty subset A;, that satisfy: A; is complete
to A,, and these are the only edges that go across the partition. A 2-join of a
graph G is a partition (X, X,) of its vertex set such that, fori = 1,2, |X;| > 3, X;
contains nonempty disjoint subsets A; and B; that satisfy: A; is complete to A,, B,
is complete to B,, and these are the only edges that go across the partition.
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2 Classes y-bounded by the function f(x) = x + 1

A hereditary class of graphs G is y-bounded if there exists a function f such that
every graph G € G satisfies y(G) < f(w(G)). y-Bounded classes were introduced
by Gyarfas [26] in the 1980s as a generalization of perfect graphs. The bound
X(G) < w(G) + 1 on the chromatic number y is sometimes called the Vizing bound
since Vizing proved that it holds for line graphs G of simple graphs [51].

By the following lemma, HC holds for all graph classes that satisfy the Vizing
bound. In their survey on y-bounds [46], Schiermeyer and Randerath have a sec-
tion on graphs satisfying the Vizing bound (they have focused on classes defined
by a finite number of excluded subgraphs). In this section we add to their list more
graph classes for which it is known that the Vizing bound holds.

Lemma 2.1. Let G be a hereditary class of graphs that is y-bounded by function
f(x) =x+1(i.e. forevery G € G, ¥(G) < w(G)+1). Then Hadwiger’s Conjecture
holds for G.

Proof. Let G € G be a minimal counterexample. So G has no K,,; minor, y(G) =
t + 1 and every proper induced subgraph G’ of G is t-colorable. Since G has no
K11 minor, w(G) < t. If w(G) < tthen, since G € G, ¥(G) < t, a contradiction. So
w(G) =t. Let K be aclique in G of size ¢. Since G is not t-colorable, V(G)\K # 0.
Since G is not ¢-colorable and every proper induced subgraph of it is, G cannot
have a clique cutset. It follows that G \ K is connected (since otherwise K is a
clique cutset) and every vertex of K has a neighbor in V(G) \ K (since otherwise,
if k € K has no neighbor in V(G) \ K, K\ {k} is a clique cutset) and hence G has a
K., minor, a contradiction. O

The following classes of graphs satisfy the Vizing bound, and hence HC.

e perfect graphs

A graph G is perfect if for every induced subgraph H of G, y(H) = w(H).
So by their definition perfect graphs satisfy HC and are y-bounded by
f(x) = x. By the Strong Perfect Graph Theorem [17] they are precisely
the class of (odd hole, odd antihole)-free graphs (where an antihole is a
complement of a hole).

e line graphs of (simple) graphs

This class satisfies the Vizing bound by Vizing’s Theorem [51]. The
class is characterized by 9 forbidden induced subgraphs [4]]. Coloring is
NP-hard on line graphs (as edge-coloring is NP-hard).



e graphs in which no cycle has a unique chord (unichord-free graphs)

In [50], a decomposition theorem is obtained for this class using ver-
tex cutsets of size at most 2 and 1-joins, which is then used to obtain a
polynomial-time coloring algorithm for this class, which shows that the
class is y-bounded by f(x) = max{3, x}.

e (diamond, even hole)-free graphs

In [33], a decomposition theorem is obtained for this class using
bisimplicial cutsets (a certain type of vertex cutset whose vertices partition
into 2 cliques) and 2-joins. This decomposition theorem is then used to
show that every graph in this class has a vertex that is either of degree 2 or
whose neighborhood is a clique, which implies that the class is y-bounded
by f(x) = max{3, x}, and gives a polynomial-time coloring algorithm.

o (theta, wheel)-free graphs

In [40], a decomposition theorem is obtained for this class using
clique cutsets and 2-joins, which is then used to obtain a polynomial-time
coloring algorithm in [41], which shows that the class is y-bounded by
f(x) = max{3, x}.

e (claw, K5 \ e)-free graphs [32] and more generally, (chair, Ks \ e)-free
graphs [43]
Note that the claw and K5 \ e are two of the 9 graphs in the forbid-
den induced subgraph characterization of line graphs mentioned above.

e (chair, HVN)-free graphs [43]

e (triangle, Cs, trident)-free graphs [24]
The theorem was first proved for a class of graphs in which there ex-
ists a shortest odd cycle such that all other vertices are with distance two
of the cycle. It was then argued that a minimum counterexample belongs

to this class. Randerath [43] has conjectured that (triangle, trident)-free
graphs satisfy the Vizing bound.

e (paw, H)-free graphs, (paw, E)-free graphs, and (paw, cross)-free graphs
[43]

As pointed out in [46], Olariu [37] proved that connected paw-free



graphs which contain a triangle are exactly the complete multipartite
graphs with at least 3 parts. So for a set B of graphs, (triangle, B)-free
graphs satisfy the Vizing bound if and only if (paw, 8)-free graphs satisfy
the Vizing bound.

e (2K,, gem)-free graphs [9,130]

A (2K,, gem)-free graph G is either perfect or contains a 5-hole; in
the latter case, it is shown in [9] that it either has chromatic number equal
to clique number or is obtained from the 5-hole by blowing vertices up into
independent sets, and thus has chromatic number 3. A different proof is
given in [30].

e (2K, P, U P3)-free graphs [30]

This is proved using a structural result about the complementary class of
graphs from [14].

e (P, E, diamond)-free graphs [29]

A (P¢, E, diamond)-free graph is either perfect or contains a 5-hole;
the result is obtained by studying the relationship of vertices to a particular
5-hole.

e class Gy, defined in Section|7|

3 Graphs with stability number 2

HC has been studied for graphs with stability number 2 (an obvious reason why
the chromatic number would be high), but remains open for this class. In [47],
Seymour states: “if HC is true for graphs G with o(G) = 2, then it is probably true
in general."

Theorem 3.1. ([39]) HC holds for all H-free graphs G with a(G) = 2, where H
is any graph on 4 vertices with a(H) = 2.

Theorem 3.2. ([34]) HC holds for all H-free graphs G with a(G) = 2, where H
is any graph on 5 vertices with a(H) = 2.

Theorem 3.3. ([[7]) HC holds for all Ws-free graphs G with a(G) = 2.

Conjecture 3.4. ([39]) Let G be a graph with n vertices and a(G) < 2. Then G
contains a clique minor of size 5.



In [39], it is shown that for graphs of independence number at most 2, HC is
equivalent to Conjecture

Theorem 3.5. ([20]]) Let G be a graph with n vertices and a(G) < 2. Assume that
some clique of G has cardinality at least %, and at least # if nis odd. Then G
has a clique minor of size [5] (and so HC holds for G).

4 Extensions of line graphs of simple graphs

Reed and Seymour [44] proved HC for line graphs of loopless multigraphs. Chud-
novsky and Fradkin [[15]] extended this result by proving that HC holds for quasi-
line graphs. A graph G is a quasi-line graph if for every v € V(G), N(v) can be
expressed as the union of two cliques.

Theorem 4.1. ([15]) HC holds for quasi-line graphs.

The proof uses the structure theorem for quasi-line graphs from [[19], and the
following result:

Theorem 4.2. ([18]]) If G is a quasi-line graph then x(G) < %a)(G).

A circular arc graph is an intersection graph of arcs on a circle. A proper
circular arc graph (or circular interval graph) is a circular arc graph where no arc
properly contains another. Proper circular arc graphs are quasi-line. The structure
theorem from [[19] essentially states that quasi-line graphs can be decomposed by
a non-crossing sequence of decompositions by homogeneous sets, homogeneous
pairs and 2-joins (with all the special sets being cliques in all these cutsets) into
proper circular arc graphs.

The fact that proper circular arc graphs satisfy HC was also proved indepen-
dently in [S)]. HC remains open for circular arc graphs. We remark that coloring is
NP-hard for circular arc graphs [25]], but polynomial for proper circular arc graphs
[38]]. Also in [28] it is shown that if G is a circular arc graph, then y(G) < %w(G).

S Applications of Theorem 4.1

Theorem[4.1]is used in [48] to obtain the following results.

Theorem 5.1. ([48]]) HC holds for graphs G that do not contain a hole of length
between 4 and 2a(G).

Theorem 5.2. ([48]) HC holds for graphs G with a(G) > 3 which do not contain
a hole of length between 4 and 2a(G) — 1.



The following results use the fact that HC holds for proper circular arc graphs.
A trivial anticomponent of a graph G is one that has just one vertex; a nontrivial
anticomponent of G is one that has at least two vertices.

Theorem 5.3. HC holds for (C4, Cs, P7)-free graphs.

Proof. 1f a (Cy4, Cs, P7)-free graph does not contain a C5, then it is perfect. It was
shown in [[11] that a (Cy4, Cs, P7)-free graph which contains a C; and does not admit
a clique-cutset has at most one non-trivial anticomponent and this anticomponent
is a proper circular arc graph. Thus the theorem follows from [[15] or [S]]. O

A pan is a graph consisting of a hole and an additional vertex which is adjacent
to exactly one vertex of the hole. Note that a pan contains a claw, so claw-free
graphs are pan-free.

Theorem 5.4. HC holds for (pan, even hole)-free graphs.

Proof. It was shown in [10] that a (pan, even hole)-free graph that does not admit
a clique-cutset has at most one non-trivial anticomponent and this anticomponent
is a unit circular arc graph (that is, a graph which can be represented as the inter-
section graph of unit length arcs of a circle), and thus a proper circular arc graph.
Thus the theorem follows from [15]] or [15]. O

6 Inflations of graphs

Given graphs G and H, we say that G is obtained by blowing up each vertex of H
to a clique provided that there exists a partition {X,},ey) of V(G) into (possibly
empty) cliques such that for all distinct u,v € V(H), if uv € E(H), then X, is
complete to X, in G, and if uv ¢ E(H), then X, is anticomplete to X, in G. This is
also referred to as substituting clique K, for vertex u (for all u). G is also referred
to as an inflation of H.

Theorem 6.1. ([13]]) HC holds for any inflation of any 3-colorable graph.

So by the above theorem HC holds for example for inflations of outerplanar
graphs. More recently the following classes have been shown to be 3-colorable
(and hence by Theorem|[6.1|HC holds for their inflations):

e (triangle, theta)-free graphs
In [42], a decomposition theorem is obtained for this class using star

cutsets, which is then used to show that this class is 3-colorable (and in fact
colorable in polynomial time).



e (triangle, IS K,)-free graphs

In [16], this class is shown to be 3-colorable (and in fact colorable in
polynomial time), by using decomposition by clique cutsets into complete
bipartite graphs and (IS Ky, triangle, K3 3)-free graphs, and then using star
cutset decompositions to prove that every (IS Ky, triangle, K3 3)-free graph
has a vertex of degree at most 2.

The following conjecture was proposed in [35] (which, if true, would imply
HC for IS K,-free graphs).

Conjecture 6.2. Every IS K4-free graph is 4-colorable.

We now give another consequence of Theorem We sign a graph by as-
signing 0, 1 weights to its edges. A graph is odd-signable if there exists a signing
that makes the sum of the weights in every chordless cycle (including triangles)
odd. Even-hole-free graphs are clearly odd-signable: assign weight 1 to each
edge. Odd-signable graphs are precisely the class of (theta, prism, even wheel)-
free graphs (where an even wheel is a wheel whose center has an even number
of neighbors on the rim) [21]]. A cap is a graph that consists of a hole H and a
vertex x that has exactly two neighbors in H, that are furthermore adjacent. The
structure of (cap, even hole)-free graphs, and more generally (cap, 4-hole)-free
odd-signable graphs has been studied in [21, 22} [12]], where the following results
are obtained.

Graph G is obtained from graph H by adding a universal clique if G consists
of H together with (a possibly empty) clique K, and all edges between vertices of
K and vertices of H.

Theorem 6.3. ([12]) Let G be a (cap, 4-hole)-free graph that contains a hole
and has no clique cutset. Let F be any maximal induced subgraph of G with at
least 3 vertices that is triangle-free and has no clique cutset. Then G is obtained
from F by first blowing up vertices of F into nonempty cliques, and then adding a
universal clique. Furthermore, any graph obtained by this sequence of operations
starting from a (triangle, 4-hole)-free graph with at least 3 vertices and no clique
cutset is (cap, 4-hole)-free and has no clique cutset.

Theorem 6.4. ([22]) Every (triangle, 4-hole)-free odd-signable graph has a vertex
of degree at most 2.

HC for (cap, 4-hole)-free odd-signable graphs follows from Theorems
and[6.4] We now give a direct proof of this to illustrate some ways graph structure
can be used to prove HC.



Theorem 6.5. HC holds for (cap, 4-hole)-free odd-signable graphs, and hence
for (cap, even hole)-free graphs.

Proof. Suppose not and let G be a minimal counterexample. So G must be an-
ticonnected, cannot have a clique cutset and must contain a hole (since graphs
without holes are perfect). Let F' be any maximal induced subgraph of G with at
least 3 vertices that is triangle-free and has no clique cutset. Then by Theorem
G 1s obtained from F by blowing up vertices of F into cliques. By Theorem
F contains a vertex of degree 2. Let x;, x,, x3 be a path in F such that x; is of
degree 2 in F'. Let X, X,, X3 be the corresponding cliques in G. So X, is complete
to X; U X3, and X is anticomplete to X;.

Let k = x(G), let x be a vertex in X, let X}, = X, \ {x} and let G’ = G \ x. Since
G 1s a minimal counterexample, y(G’) = k — 1. Let ¢ be a proper (k — 1)-coloring
of G’, using colors 1,...k — 1. For any A € V(G’), let c¢(A) be the set of colors
used on A. Since x(G) = k, [c(X; UX, U X3) = k—1. Wlo.g. [Xi| < |X5].
Let X/ be the set of vertices of X, that are colored with a color not used on X3,
and let X" = X; \ X|. Let X} be the set of vertices of X3 that are colored with
a color not used on Xj, and let X] = X; \ X]. It follows that |X]| < |X}| and
le(X] U X) U X3)| = k— 1. Now X] # 0, since otherwise X, U X3 is a clique of size
k. Let X] = {ai,...,a;} and X} = {by,...,bs}. Sot < t'. Leti € {l,...,1} and
let C; be the connected component of the subgraph of G’ induced by the vertices
colored with colors from c({a;, b;}) that contains a;. If C; does not contain b; then
by flipping colors on C; we obtain a coloring of G’ in which color c({a;}) does not
appear in Ng(x) and hence that color can be used on x to obtain a (k — 1)-coloring
of G, a contradiction. So C; contains b;, and hence there exists an a;, b;-path P; in
Ci. Let P} = P;\ {b;} and let b/ be the neighbor of b; in P;. Note that b is complete

to X3. Furthermore, the paths P/, ..., P; are vertex disjoint. It follows that the
subgraph of G induced by X, U X3 together with the paths P/, ..., P; contains a K
minor, a contradiction. O

7 Universal and twin wheel only graphs

A three-path-configuration (or 3PC for short) is any theta, pyramid, or prism. A
proper wheel is a wheel that is neither a universal wheel nor a twin wheel. A
Truemper configuration is any 3PC or wheel. In [8]], the following classes of
graphs are studied:

e Gur =(3PC, proper wheel)-free graphs
(so the only Truemper configurations that graphs in Gyt may contain are
universal wheels and twin wheels);



e Gu = (3PC, proper wheel, twin wheel)-free graphs
(so the only Truemper configurations that graphs in Gy may contain are
universal wheels);

e Gr = (3PC, proper wheel, universal wheel)-free graphs
(so the only Truemper configurations that graphs in Gt may contain are twin
wheels).

A hyperhole is a graph H whose vertex set can be partitioned into k > 4
nonempty cliques, call them X, ..., X; (with subscripts understood to be in Z;),
such that for all i € Z;, X; is complete to X;_; U X;;; and anticomplete to V(H) \
(Xi-1 U X; U X;41); under these circumstances, we say that the hyperhole H is of
length k, and we also write that “H = X{, ..., X, X; is a hyperhole”’; furthermore,
we say that (X1, ..., X}) is a good partition of the hyperhole H. A k-hyperhole is
a hyperhole of length &, and a long hyperhole is a hyperhole of length at least five.

A hyperantihole is a graph A whose vertex set can be partitioned into k >
4 nonempty cliques, call them Xj,..., X, (with subscripts understood to be in
Zy), such that for all i € Z;, X; is anticomplete to X;_; U X;;; and complete to
V(A)\ (Xi-1 U X; U X;,1); under these circumstances, we say that the hyperantihole
A is of length k, and we also write that “A = X, ..., Xy, X; is a hyperantihole”;
furthermore, we say that (Xi,..., Xy) is a good partition of the hyperantihole A.
A k-hyperantihole is a hyperantihole of length k, and a long hyperantihole is a
hyperantihole of length at least five. Note that the complement of a hyperantihole
need not be a hyperhole.

A ring is a graph R whose vertex set can be partitioned into k£ > 4 nonempty
sets, say Xi,...,X; (with subscripts understood to be in Z;), such that for all

i € Z, X; can be ordered as X; = {u},...,uly } so that X; C Nglujy ] € -+ C
Nglu}] = Xi-1 U X; U X;,. Under these circumstances, we say that the ring R is
of length k, as well as that R is a k-ring. A ring is long if it is of length at least
five. Furthermore, we say that (X, ..., Xy) is a good partition of the ring R. We
observe that every k-hyperhole is a k-ring.

Given a graph G and distinct vertices u, v € V(G), we say that u dominates v in
G, or that v is dominated by u in G, provided that Ng[v] C Ng[u]. The following

lemma follows directly from the definitions.

Lemma 7.1. Let G be a graph, and let (X,,...,Xy), with k > 4 and subscripts

understood to be in Zy, be a partition of V(G). Then G is a k-ring with good
partition (X, ..., Xy) if and only if all the following hold:

(a) Xi,...,Xy are cliques;

(b) foralli e Zy, X; is anticomplete to V(G) \ (X;_1 U X; U X;11);



(c) foralli € Z;, some vertex of X; is complete to X;_y U X1,
(d) foralli€ Zy, and all distinct y;, y. € X;, one of y;, y. dominates the other.

Theorem 7.2. ([8]) Every graph in Gyr either has a clique cutset or satisfies one
of the following:

e G has exactly one nontrivial anticomponent, and this anticomponent is a
long ring;

o G is (long hole, K, 3, C_6)—free;

e &(G) =2, and every anticomponent of G is either a 5-hyperhole or a (long
hole, K, 3, C¢)-free graph.

Theorem 7.3. ([8]) Every graph in Gy either has a clique cutset or satisfies one
of the following:

o G has exactly one nontrivial anticomponent, and this anticomponent is a
long hole;

e all nontrivial anticomponents of G are isomorphic to K.

Theorem 7.4. ([8]) Every graph in Gr either has a clique cutset or satisfies one
of the following:

e G is a complete graph;
e Gisaring,
e G is a 7-hyperantihole.

Theorem is used to show that Gy is y-bounded by function f(x) = x +
1, and hence by Lemma HC holds for Gy. In [36], HC is proved for Gr.
We reproduce here some of the steps of this proof to highlight different proof
techniques used to obtain this result (i.e. by Theorem the graphs in G are
decomposed into basic classes that each require a different type of a proof that
HC holds for them).

Theorem 7.5. ([36]]) For a ring R,
X(R) = max{y(H) : H is a hyperhole contained in R}.
Furthermore, rings can be colored in polynomial time.

Hyperholes are quasi-line and so HC holds for hyperholes by Theorem 4.1
Hyperholes can also be seen as inflations of holes, and HC holds for them also by
Theorem In [36], the following direct proof of this was given (see also [48]
for a proof of a slightly stronger result).



Lemma 7.6. (Lemma 7.1 in [36]) HC holds for hyperholes.

Proof. Let G be a hyperhole with good partition (X, ..., X;). W.l.o.g. X is the
smallest of the sets Xi,...,X;. Let G’ = G\ Xj. Clearly ¥(G) < x(G') + |X;| =
w(G") +1X|. Let j € {2,...,k—1} be such that |[X; U X;,,| = w(G"). By the choice
of X, there exist |X;| vertex disjoint paths that each contain exactly one vertex
from each of X;, fori € {1,...,k}\ {j, j + 1}. But then the subgraph of G induced
by these paths and X; U X, contains a K5, minor. m|

Lemma 7.7. (Lemma 7.2 in [36]) HC holds for rings.
Proof. Follows from Lemma[7.6|and Theorem m|
Lemma 7.8. (Lemma 7.3 in [36]) HC holds for hyperantiholes.

In [36], the above lemma is proved directly. Here is its proof using Theorem

Let G = (Xi,..., X)) be a hyperantihole. Then clearly (G) = 2 and k > 4. By
Theoremit suffices to show that G has a clique of cardinality at least %, and at
least % if n 1s odd. We may assume that n > 6 since otherwise this is clearly true.
Foreveryi =1,...,k, V(G)\X, partitions into 2 cliques. W.l.o.g. X is the smallest
of the sets Xy,..., X;. Then |X;| < 7 and hence [V(G) \ Xi| > n -} = %n > %n
(as k > 4). It follows that G \ X; has a clique of size 3n which is at least 22 (as
n>6).0

Here is another proof, using Theorems [3.2]and[3.1} If k # 5 then G is Cs-free and
hence HC holds for G by Theorem If k = 5 then G is Cy4-free and hence HC
holds for G by Theorem O

Theorem 7.9. (Theorem 7.4 in [36]) HC holds for Gr.
Proof. Follows from Theorem[7.4]and Lemmas [7.7 and O

Clearly every minimum counterexample to HC has no clique cutset and is
anticonnected. If G satisfies the first bullet of Theorem then HC holds for G
by Theorem If G satisfies the third bullet of Theorem [7.2] then G is C,-free
or Cs-free and hence HC holds for G by Theorem or Theorem So the
following conjecture implies HC for Gyr.

Conjecture 7.10. If G is (long hole, K3, Ce)-free and a(G) > 3 then HC holds
for G.

The following property of (long hole, K, 3)-free graphs may be of use for prov-
ing the above conjecture.

Theorem 7.11. If G is (long hole, K,3)-free then for some vertex v in G,
a(GINW)] <2



Proof. In [1], it is shown that every graph that is (theta, pyramid, 1-wheel)-free
has a vertex v such that a(G[N(v)]) < 2 (where a [-wheel is a wheel whose rim
contains a subpath a, b, ¢ such that the center is adjacent to b and anticomplete
to {a,c}). Since (long hole, K, 3)-free graphs are a subclass of (theta, pyramid,
1-wheel)-free graphs, the result follows. O
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