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Abstract

We show how the Scalas–Yoshida “Less Is More” benchmark examples

for multiparty protocols can be represented and typed within the Simple

Multiparty Sessions (SMPS) framework. We reconstruct suitable global

types for the relevant protocols and provide typing derivations for them.

The examples include service–client authentication, the recursive two-buyer

protocol, recursive Map/Reduce, and independent multiparty workers. These

derivations demonstrate that SMPS can type benchmark sessions that are

problematic or unprojectable in standard MPST settings, while retaining

the behavioural guarantees of the system, such as session fidelity and lock

freedom.

1 Introduction

In these notes, we show how the relevant examples from [10], also known as the

“Less Is More” benchmark [3], can be rephrased within the Simple MultiParty

Sessions (SMPS) framework of [2] as typable sessions. There is a basic mismatch

between the approaches in [10] and [2], since the former uses local-type contexts

and does away with global types. In contrast, sessions are typed directly by global

types in [2]. Nonetheless, it is possible to express the examples from [10] in the

type system of [2] as follows. First, we observe that when there is a unique session,

as in all the examples in Figure 4 of [10], local types in [10] are akin to processes
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in [2]. In the setting of [2], the typing of messages in [10] is irrelevant, since only

values of ground types can be exchanged in a unique session. Then, we reconstruct

the global type of the resulting session in the terms of [2].

The typability of the “Less is More” benchmark examples has recently been

shown in [3] within a framework that approaches projectability from a typing

perspective. In that approach, global types are assigned to individual participants

(which, in the process calculus of [3], can carry values in messages), rather than to

entire multiparty sessions, as in [2].

The results of [10] have recently been rephrased in a setting with global types

and projections [8], where the projection operator is defined inductively to enable

feasible implementation. A coinductively defined projection would make the global

types of the benchmark examples projectable.

The benchmark examples, along with their representation and typing in the

SMPS formalism of [2], are presented in Section 3 after a brief review of the

formalism in Section 2.

2 SMPS calculus and type system

We briefly recall the main definitions of SMPS from [1] and [2]. For the calculus,

global types, and type system, the following base sets and notation are used: labels,

ranged over by λ, λ′, . . . ; participant names, ranged over by p, q, r, s, . . .; processes,

ranged over by P, Q, R, S , . . . ; sessions, ranged over byM,M′, . . . ; global types,

ranged over by G, G′, . . . ; integers, ranged over by i, j, l, h, k, . . . ; (finite) integer

sets, ranged over by I, J, . . .

Definition 2.1 (Processes). Processes are defined by:

P ::=ρ 0 | p!{λi.Pi}i∈I | p?{λi.Pi}i∈I

where I , ∅ is finite and λh , λk for h, k ∈ I and h , k. We restrict the set of

processes to the regular ones, i.e., terms having finitely many distinct subterms.

The productions in the above definition are interpreted coinductively, as in-

dicated by the symbol ::=ρ. This means that the set of processes is the greatest

fixed point of the (monotonic) functor over sets defined by the grammar, restricted,

however, to regular processes. Thus, processes may be infinite.

Definition 2.2 (Multiparty Sessions). Multiparty sessions (sessions for short) are

defined by:

M = p1[ P1 ] ∥ · · · ∥ pn[ Pn ]

with n ≥ 1 and ph , pk for any h , k. The set of participants of a session M,

prt(M), is defined as prt(p1[ P1 ] ∥ · · · ∥ pn[ Pn ]) = {pi | Pi , 0 & 1 ≤ i ≤ n}



Because of the condition ph , pk for any h , k, a session is essentially a

finite set of (not necessarily distinct) processes Pi located at distinct participants pi.

To make this formal, over sessions we define the structural congruence relation

M ≡ M′, which is the least congruence under which the parallel composition

is commutative and associative, and such that, for all M and fresh p, we have

p[ 0 ] ∥ M ≡ M. This implies that p[ 0 ] ≡ p[ 0 ] ∥ q[ 0 ] ≡ q[ 0 ] for all distinct

p, q. In a sense, any session of the shape p[ 0 ] represents the empty session. We

omit writing trailing 0’s in processes and denote p!{λ.P} and p?{λ.P} by p!λ.P and

p?λ.P, respectively.

The (synchronous) operational semantics of sessions is formally defined by the

following labelled transition system.

Definition 2.3 (Session LTS). A communication action is a triple pλq, where p , q.

The labelled transition system (LTS) for multiparty sessions, with communication

actions as labels, is the closure under structural congruence of the reduction

specified by the following axiom:

p[ P ] ∥ q[ Q ] ∥ M
pλkq
−−−→ p[ Pk ] ∥ q[ Qk ] ∥ M (k ∈ I ⊆ J) [Comm]

where P = q!{λi.Pi}i∈I and Q = p?{λ j.Q j} j∈J.

Axiom [Comm] above is non-deterministic in the choice of messages and makes

the communication possible: participant p sends message λk to participant q.

The sender can freely choose the message because the condition I ⊆ J ensures

that the receiver must offer all sender messages and possibly more. This allows

distinguishing between internal and external choices in the operational semantics.

This condition is always satisfied in well-typed sessions.

When σ = Λ1 · . . . ·Λn (n ≥ 0), we writeM
σ
−→ M′ as shorthand for

M
Λ1

−−→ M1 · · ·
Λn

−−→ Mn = M
′

where the Λis range over communication actions.

We write M
σ
−→ to mean that M

σ
−→ M′ for some M′. Moreover, we define

prt(pλq) = {p, q} and prt(σ) as its obvious extension to sequences of communica-

tion actions (traces).

Global types are usually represented by µ-expressions, as in [6, 7] and in almost

all papers on “classical” MultiParty Session Types (MPST). Instead, we define

global types coinductively as potentially infinite regular terms.

Definition 2.4 (Global types). Global types are defined by:

G ::=ρ End | p→ q : {λi.Gi}i∈I

where I , ∅ and λi , λ j for i, j ∈ I and i , j. We restrict the set of global types

to the regular ones. Given a global type G, the set of its participants, prt(G), is

defined as the smallest set satisfying the following equations:



prt(End) = ∅ prt(p→ q : {λi.Gi}i∈I) = {p, q} ∪
⋃

i∈I prt(Gi)

Since the definition of G is coinductive, so is the definition of prt(G). Because the

syntactic tree of G is regular, prt(G) is well-defined and finite. In the following,

trailing End’s will be omitted, and p→ q : {λ.G} will be written as p→ q : λ.G.

Now we recall the SMPS type assignment system, as defined in [1]. The

(synchronous) calculus of SMPS, because of its simplicity, enables us to devise a

type system in which global types are directly inferred for sessions. Double lines

in the rules indicate that they are interpreted coinductively, following [9].

Definition 2.5 (Type System). Judgements of the form G ⊢ M are coinductively

derived by the type system below, by considering sessions up to structural congru-

ence:

End ⊢ p[ 0 ] [T-End]

Gi ⊢ p[ Pi ] ∥ q[ Qi ] ∥ M

prt(Gi) \ {p, q} = prt(M) ∀i ∈ I ⊆ J
======================================================= [T-Comm]
p→ q : {λi.Gi}i∈I ⊢ p[ q!{λi.Pi}i∈I ] ∥ q[ p?{λ j.Q j} j∈J ] ∥ M

Rule [T-Comm] adds simultaneous communications to global types and to the

corresponding processes within sessions. This rule allows more inputs than corre-

sponding outputs, in agreement with the condition in Rule [Comm] (Definition 2.3).

It also allows more branches in the input process than in the global type, partially

mimicking local type subtyping [4].

It is convenient to associate with a global type the set of communication actions

that could label its transitions. We call these the capabilities of the global type.

Definition 2.6 (Capabilities). Let G be a type. The set cap(G) of the capabilities of

G is the smallest set satisfying the following equations:

cap(End) = ∅

cap(p→ q : {λi.Gi}i∈I) = {pλiq | i ∈ I} ∪
⋃

i∈I cap(Gi)

By regularity, the set cap(G) is finite for all G.

The properties of the type system use the following LTS for global types.

Definition 2.7 (Coinductive LTS for global types).

p→ q : {λi.Gi}i∈I
pλ jq

−−−→ G j ( j ∈ I) [E-Comm]

Gi

pλq
−−→ G′i ∀i ∈ I

{p, q} ∩ {r, s} = ∅ pλq ∈
⋂

i∈I cap(Gi)
=========================================== [I-Comm]

r→ s : {λi.Gi}i∈I
pλq
−−→ r→ s : {λi.G

′
i}i∈I



Theorem 2.8 (Properties of typable sessions [2]). Let G,M be such that G ⊢ M.

1. Subject Reduction: IfM
pλq
−−→M′, then G

pλq
−−→ G′ and G′⊢M′ for some G′.

2. Session Fidelity: If G
pλq
−−→ G′, thenM

pλq
−−→ M′ and G′ ⊢ M′ for someM′.

3. Lock Freedom: M
σ
−→ M′ and p ∈ prt(M′) implyM′

σ′ ·Λ
−−−→ for some σ′ and

Λ such that p ∈ prt(Λ).

3 Typing the Scalas-Yoshida benchmark examples

The typings of the first two examples were already presented in [2] and are reported

here for completeness. To improve readability, the conditions on participants will

be written only in the derivation for the first example.

Service, client and authentication protocol. This is the example in the Introduc-

tion of [10], further detailed in Figure 4(1) of the same paper.

The service s sends to the client c either a request to login or cancel.

If login is issued, then c sends a password pwd to the authorisation

server a and then s receives from a the authorisation auth. In case c

receives cancel from s the interaction with a is aborted by c sending

quit to a.

This session is encoded by

Msca = s[ S ] ∥ c[ C ] ∥ a[ A ]

where the processes are

S = c!{login.a?auth, cancel}

C = s?{login.a!pwd, cancel.a!quit}

A = c?{pwd.s!auth, quit}

Then we derive Gsca ⊢ Msca where

Gsca = s→ c : {login.G′sca, cancel.c→ a : quit}

G′sca = c→ a : pwd. a→ s : auth

as shown on the right of Figure 1, where q = quit, p = pwd, and a = auth.

We observe that Gsca is exactly the global type derived for this session in [10].

In that paper, it is shown that Gsca is projectable, but S and A do not have dual

input/output communications. The problem is that the input/output behaviours

between s and a depend on their inputs/outputs with c. More precisely, s and a

exchange the message auth only when c sends login to s. Hence, this example is

ruled out by the classical MPST system in [6, 7, 5]. In this case, it seems that our

system addresses this inconsistency by directly embodying in Rule [T-Comm] the
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Figure 1: Derivations for Gsca ⊢ Msca (right) and Gasb ⊢ Masb (left).

guarantee that any implementation of the protocolMsca will be well behaved and

lock-free.

Recursive two-buyer protocol. This is the example in Figure 4(2) of [10].

After querying the store s for the price of some good, Alice, repre-

sented by role a, asks Bob, represented by b, to split the price. If Bob

replies by issuing yes, then Alice sends buy to s; otherwise, she insists

by asking Bob for a different splitting (the fact that the subsequent



proposals by Alice are actually different is not explicitly represented

in the protocol below nor in the type of a in [10]). At any time, Alice

might quit the protocol, sending esc to Bob and no to the store.

The protocol is encoded by the session

Masb = a[ A ] ∥ s[ S ] ∥ b[ B ]

where the processes are

A = s!que. s?pri. A′

A′ = b!

{

spl. b?{yes. s!buy, no. A′}

esc. s!no

S = a?que. a!pri. a?{buy, no}

B = a?

{

spl. a!{yes, no. B}

esc

The sessionMasb can be typed by

Gasb = a→ s : que.s→ a : pri.G′
asb

where

G′
asb
= a→ b :

{

split.b→ a : {yes.Gyes, no.G
′
asb
},

esc.a→ s : no

Gyes = a→ s : buy

as shown on the left of Figure 1, where p = pri, b = buy, y = yes, and n = no.

This example is interesting for two reasons. In [10] it is argued that the typing

context corresponding toMasb cannot be obtained by projecting any global type,

no matter whether one uses plain or full merging (see Definition 3.3 in Figure

3 of [10]). Instead in our type system we can type Masb with the un-projectable

global type Gasb. The other reason is that Gasb is a good example of an unbounded

global type [2] that is inhabited.

Recursive Map/Reduce (n = 2). This is the example in Figure 4(3) of [10]. We

consider only the case of two workers for the sake of readability.

The mapper (m) assigns one datum to both Worker1 (w1) and Worker2

(w2) for processing. Once completed, both w1 and w2 send their

results to the reducer (r). Then r informs m whether to continue

or to stop. If termination is chosen, the m also instructs w1 and w2 to

stop.

This protocol is implemented by the multiparty session

MMR = m[ M ] ∥ r[ R ] ∥ w1[ W1 ] ∥ w2[ W2 ]
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Figure 2: A derivation of GMR ⊢ MMR.



G1
MW
= a1 → b1 :















datum.b1 → c1 : datum.c1 → a1 : result.G2
MW

stop.b1 → c1 : stop.G3
MW

G2
MW
= a2 → b2 :

{

datum.b2 → c2 : datum.c2 → a2 : result.G1
MW

stop.b2 → c2 : stop.G4
MW

G3
MW
= a2 → b2 :

{

datum.b2 → c2 : datum.c2 → a2 : result.G3
MW

stop.b2 → c2 : stop

G4
MW
= a1 → b1 :

{

datum.b1 → c1 : datum.c1 → a1 : result.G4
MW

stop.b1 → c1 : stop

Figure 3: Definition of G1
MW

.

where

M = w1!datum.w2!datum.r?

{

continue.M

stop.w1!stop.w2!stop

R = w1?result.w2?result.m!

{

continue.R

stop

Wi = m?

{

datum.r!result.Wi

stop
for i = 1, 2.

The above multiparty session can be typed by the following global type:

GMR = m→ w1 : datum.m→ w2 : datum.w1 → r : result.w2 → r : result.G′
MR

where

G′
MR
= r→ m :

{

continue.GMR

stop.m→ w1 : stop.m→ w2 : stop

as shown in Figure 2, where d = datum, r = result, c = continue, and s = stop.

Notice that the implicit use of subtyping in the typing rule allows us to get simpler

processes for the workers than the corresponding local types in [10] and processes

in [3].

Independent Multiparty Workers. (n = 2)

This is the example in Figure 4(4) of [10]. For readability, we consider the case

of two workers per class (A, B, C).

A starter (s) participant tells to both Worker A1 (a1) and Worker A2

(a2) to independently process a datum. The protocol then proceeds as

follows:

• a1 informs Worker B1 (b1) to either process the datum or to stop.

In the former case, b1 tells Worker C1 (c1) to process the datum,

after which c1 communicate the result to a1. Upon receiving

that, a1 can either repeat what was described above and again tell
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Figure 4: Definition ofD1 for deriving GMW ⊢ MMW.

b1 to process the datum or to stop. In the latter case, b1 instructs

c1 to stop, too.

• Workers A2, B2, C2 (a2, b2, c2) follow the same sub-protocol as,

respectively, a1, b1, c1, independently.

The above protocol is encoded by the following multiparty session:

MMW = s[ S ] ∥ a1[ A1 ] ∥ b1[ B1 ] ∥ c1[ C1 ] ∥ a2[ A2 ] ∥ b2[ B2 ] ∥ c2[ C2 ]
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======================================================================================
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:
d
.c

2
→

a
2

:
r
.G

3M
W
⊢
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2 [

c
2 ?
r
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2
]
∥

b
2 [

c
2 !
d
.B

2
]
∥

c
2 [

b
2 ?

{

d
.a

2 !
r
.C

2

s
]
∥
···
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b
2 !

{

d
.c

2 ?
r
.A

2

s
]
∥

b
2 [

a
2 ?

{

d
.c

2 !
d
.B

2

s.c
2 !
s

]
∥
···
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1

:
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W
⊢

a
1 [

c
1 ?
r
.A

1
]
∥

b
1 [

B
1

]
∥

c
1 [

a
1 !
r
.C

1
]
∥
···

======================================================================================
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1
→
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1

:
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.c

1
→
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1

:
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.G

4M
W
⊢
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1 [
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1 ?
r
.A

1
]
∥
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1 [
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1 !
d
.B

1
]
∥
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1 [

b
1 ?

{

d
.a

1 !
r
.C

1

s
]
∥
···
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]
∥
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1 !
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1
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1 !
s

]
∥
···

Figure 5: Definitions ofD3,1 (right) andD4 (left) for deriving GMW ⊢ MMW.

where

S = a1!datum.a2!datum

Ai = s?datum.bi!

{

datum.ci?result.Ai

stop

Bi = ai?

{

datum.ci!datum.Bi

stop.ci!stop

Ci = bi?

{

datum.ai!result.Ci

stop



D2 =

D4
================================================================

b2 → c2 : s.G4
MW ⊢ a2[ 0 ] ∥ b2[ c2!s ] ∥ c2[ b2?

{

d.a2!r.C2

s
] ∥ · · ·

D3 =

D3,1
=============================================================

b1→c1:s.G3
MW ⊢ a1[ 0 ] ∥ b1[ c1!s ] ∥ c1[ b1?

{

d.a1!r.C1

s
] ∥ · · ·

D3,2 =

End ⊢ s[ 0 ] ∥ a1[ 0 ] ∥ b1[ 0 ] ∥ c1[ 0 ] ∥ a2[ 0 ] ∥ b2[ 0 ] ∥ c2[ 0 ]
=============================================================

b2 → c2 : s ⊢ a2[ 0 ] ∥ b2[ c2!s ] ∥ c2[ b2?

{

d.a2!r.C2

s
] ∥ · · ·

D4,1 =

End ⊢ s[ 0 ] ∥ a1[ 0 ] ∥ b1[ 0 ] ∥ c1[ 0 ] ∥ a1[ 0 ] ∥ b1[ 0 ] ∥ c1[ 0 ]
=============================================================

b1 → c1 : s ⊢ a1[ 0 ] ∥ b1[ c1!s ] ∥ c1[ b1?

{

d.a1!r.C1

s
] ∥ · · ·

Figure 6: Definitions ofD2,D3,D3,2,D4,1 for deriving GMW ⊢ MMW.

for i = 1, 2.

The above multiparty session can be typed by the following global type:

GMW = s→ a1 : datum.s→ a2 : datum.G1
MW

where G1
MW

is defined in Figure 3.

The typing derivation for this example is

D1
================================================================================

s→ a2 : d.G1
MW ⊢ s[ a2!d ] ∥ a1[ b1!

{

d.c1?r.A1

s
] ∥ a2[ s?d.b2!

{

d.c2?r.A2

s
] ∥ · · ·

================================================================================
GMW ⊢ MMW

where D1 is defined in Figure 4, D3,1 and D4 are defined in Figure 5, the other

subderivations are defined in Figure 6. In these figures we abbreviate d = datum,

r = result, and s = stop.

We remark that by allowing a parallel composition operator between global

types with different participants as in [6, 7] and the typing rule



G ⊢ M G′ ⊢ M′

=================
G ∥ G′ ⊢ M ∥ M′

we could type this example with the simpler global type

s→ a1 : datum.s→ a2 : datum.(G1 ∥ G2)

where

Gi = ai → bi :















datum.bi → c1 : datum.ci → ai : result.Gi

stop.bi → ci : stop.

for i = 1, 2.
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